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Abstract
A Reflection-Asymmetric Triaxial Particle Rotor Model (RAT-PRM) with three quasiparticles
and a reflection-asymmetric triaxial rotor is developed, and applied to investigate the observed
multiple chiral doublets (MχD) candidates with octupole correlations in 131Ba, i.e., two pairs of
positive-parity bands D3-D4 and D5-D6, as well as one pair of negative-parity bands D7-D8. The
energy spectra, the energy staggering parameters, the B(M1)/B(E2) ratios, and the B(E1)/B(E2)
ratios are reproduced well. The chiral geometries for these MχD candidates are examined by the
azimuthal plots, and the evolution of chiral geometry with spin is clearly demonstrated. The
intrinsic structure for the positive-parity bands is analyzed and the possible pseudospin-chiral
quartet bands are suggested.
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I. INTRODUCTION
Chirality is a phenomenon of general interest in chemistry, biology and particle physics.
Since the concept of chirality in atomic nuclei was first proposed by Frauendorf and Meng [1],
many efforts have been made to understand chiral symmetry and its spontaneous breaking
in atomic nuclei, see e.g., reviews [2–6].
Based on the adiabatic and configuration fixed constrained triaxial covariant density
functional theory (CDFT) [7], a new phenomenon named multiple chiral doublets (MχD) is
predicted [8]. The chiral doublet bands are a pair of nearly degenerate ∆I = 1 bands with
the same parity. MχD suggest that more than one pair of chiral doublet bands can exist in
one single nucleus. The first experimental evidence for MχD is reported in 133Ce [9], and
followed by 103Rh [10], 78Br [11], 136Nd [12] and 195Tl [13], etc. More than 60 chiral doublet
candidates in around 50 nuclei (including 10 nuclei with MχD) have been reported in the
A ∼ 80, 100, 130 and 190 mass regions [13–16].
Theoretically, nuclear chirality has been investigated with many approaches, including the
triaxial particle rotor model (PRM) [1, 17–21], the tilted axis cranking (TAC) model [1, 22–
25], the TAC approach with the random phase approximation (TAC+RPA) [26, 27] and the
collective Hamiltonian (TAC+CH) [28–30], the interacting boson-fermion-fermion model
(IBFFM) [31], the generalized coherent state model [32] and the projected shell model
(PSM) [33–37].
The PRM is a quantal model coupling the collective rotation and the single-particle mo-
tions in the laboratory reference frame, and describes directly the quantum tunneling and
energy splitting between the doublet bands. Various versions of PRM have been developed
for the nuclear chirality. For odd-odd nuclei, the triaxial PRM with 1-particle-1-hole config-
uration is mainly used [1, 17, 18, 38]. To simulate the effects of many valence nucleons, the
triaxial PRM with 2-qusiparticle configuration was developed with pairing correlations taken
into account by the Bardeen-Cooper-Schrieffer (BCS) approximation [19, 39–44]. For odd-A
and even-even nuclei, the many-particle-many-hole versions of triaxial PRM with nucleons
in 2j shells [20, 45], 3j shells [9, 10, 46, 47], and 4j shells [21], have been developed. The
recently observed octupole correlations between the MχD candidates in 78Br [11] stimulate
the development of the reflection-asymmetric triaxial PRM (RAT-PRM) with both triaxial
and octupole degrees of freedom [48].
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The RAT-PRM in Ref. [48] is based on a reflection-asymmetric triaxial rotor coupled with
two quasiparticles. In Ref. [16], the MχD candidates with octupole correlations, i.e., two
pairs of positive-parity bands D3-D4 and D5-D6, as well as one pair of negative-parity bands
D7-D8 are observed in nucleus 131Ba. The positive-parity bands, D3-D4 and D5-D6 with
pih11/2(g7/2, d5/2)⊗νh11/2, and the negative-parity bands D7-D8 with pih211/2⊗νh11/2, are built
on 3-quasiparticle configurations. Furthermore, the four nearly degenerate positive-parity
bands are suggested to be the pseudospin-chiral quartet bands [16].
In this work, a RAT-PRM with three quasiparticles and a reflection-asymmetric triaxial
rotor is developed, and applied to investigate the observed MχD with octupole correlations
in 131Ba. The model is introduced in Sec. II, and the numerical details are presented in
Sec. III. The energy spectra, the electromagnetic transitions, and the angular momentum
orientations are calculated and compared with the data available in Sec. IV, and a summary
is given in Sec. V.
II. FORMALISM
The total RAT-PRM Hamiltonian can be expressed as
Hˆ = Hˆcore + Hˆ
pi
intr. + Hˆ
ν
intr., (1)
where Hˆcore is the Hamiltonian of a reflection-asymmetric triaxial rotor and Hˆ
pi(ν)
intr. is the
intrinsic Hamiltonian for valence protons (neutrons) in a reflection-asymmetric triaxially
deformed potential.
Similar as Ref. [48], the core Hamiltonian generalized straightforwardly from the reflection-
asymmetric axial rotor [49] reads,
Hˆcore =
3∑
k=1
Rˆ2k
2Jk +
1
2
E
(
0−
)
(1− Pˆc), (2)
with Rˆk = Iˆk − Jˆk, the indices k = 1, 2, 3 refer to the three principal axes of the body-
fixed frame, and Rˆk, Iˆk, and Jˆk denote the angular momentum operators for the core, the
nucleus and the valence nucleons, respectively. The moments of inertia for irrotational flow,
Jk = J0 sin2(γ − 2kpi/3), are adopted. The core parity splitting E(0−) is viewed as the
excitation energy of the virtual 0− state [49]. The product of the core parity operator Pˆc
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and the proton (neutron) single-particle parity operators pˆpi(ν) gives the total parity operator
Pˆ .
The intrinsic Hamiltonian for valence nucleons is [48]
Hˆ
pi(ν)
intr. = Hˆ
pi(ν)
s.p. + Hˆpair
=
∑
τ>0
(
ετpi(ν) − λpi(ν)
)(
a†τpi(ν)aτpi(ν) + a
†
τpi(ν)
aτpi(ν)
)
− ∆
2
∑
τ>0
(
a†τpi(ν)a
†
τpi(ν)
+ aτpi(ν)aτpi(ν)
)
,
(3)
where λpi(ν) denotes the Fermi energy of proton (neutron), ∆ is the pairing gap parameter,
and the single-particle energy ετpi(ν) is obtained by diagonalizing the reflection-asymmetric
triaxial Nilsson Hamiltonian Hˆ
pi(ν)
s.p. [48]. The indices τpi(ν) and τpi(ν) represent the proton
(neutron) single-particle state and its corresponding time reversal state, respectively.
Taking into account the pairing correlations by the BCS approach [19, 48, 50, 51], the
intrinsic Hamiltonian becomes
Hˆ
pi(ν)
intr. =
∑
τpi(ν)>0
ε′τpi(ν)
(
α†τpi(ν)ατpi(ν) + α
†
τpi(ν)
ατpi(ν)
)
, (4)
with the quasiparticle energies ε′τpi(ν) =
√(
ετpi(ν) − λpi(ν)
)2
+∆2.
In reference [48], the RAT-PRM with a quasi-proton and a quasi-neutron coupled with a
reflection-asymmetric triaxial rotor is developed. In order to describe the MχD bands with
more than two quasiparticles, the intrinsic wavefunction for a system with Z valence protons
and N valence neutrons in RAT-PRM is generalized as,
χ =
(
Z∏
i=1
α†τpii
)(
N∏
j=1
α†τνj
)
|0〉. (5)
For 131Ba, Z = 2 and N = 1.
The total Hamiltonian Hˆ is invariant under the operation Sˆ2 = Pˆce
ipiRˆ2 , which is the
reflection with respect to the plane perpendicular to 2-axis. It can be diagonalized in the
symmetrized strong-coupled basis with good parity and angular momentum [48],
|ΨIMK±〉 = 1
2
√
1 + δK0δχ,χ¯
(
1 + Sˆ2
)
|IMK〉ψ±, (6)
where |IMK〉 =
√
2I+1
8pi2
DI∗MK is the Wigner function, χ¯ = Sˆ2χ, and ψ± are the intrinsic
wavefunctions with good parity,
ψ+ = (1 + Pˆ )χΦa = (1 + Pˆcpˆpipˆν)χΦa, (7)
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ψ− = (1− Pˆ )χΦa = (1− Pˆcpˆpipˆν)χΦa. (8)
Here, Φa describes the same orientation in space between the core and the intrinsic single-
particle potential, and χΦa is the core-coupled intrinsic wavefunction.
The diagonalization of the total Hamiltonian Hˆ gives the eigenvalues and eigenfuctions.
Then one can calculate the reduced electromagnetic transition probabilities [48], angular
momentum components [48], and the probability profile for the orientation of the angular
momentum, i.e., azimuthal plot [35, 52], etc.
III. NUMERICAL DETAILS
For the MχD candidates with octupole correlations observed in nuclei 131Ba, two
pairs of positive-parity bands D3-D4 and D5-D6 are suggested to have the configuration
pih11/2(g7/2, d5/2) ⊗ νh11/2 [16]. For this configuration, the microscopic configuration-fixed
triaxial covariant density functional theory [8] with PC-PK1 [53] gives the quadrupole de-
formation β2 = 0.22 and γ = 27.1
◦. An octupole deformation β3 = 0.02 is adopted to
investigate the octupole correlations in the present RAT-PRM calculations.
With the deformation parameters above, the reflection-asymmetric triaxial Nilsson Hamil-
tonian is solved by expanding the wavefunction by harmonic oscillator basis [54]. According
to the configuration suggested in Ref. [16], the Fermi energies of proton and neutron are
chosen as λpi = 43.86 MeV and λν = 48.76 MeV, respectively. The single-particle space
includes seven above and six below the Fermi level. The pairing correlation is taken into
account by the empirical formula ∆ = 12/
√
A MeV.
The moment of inertia J0 = 19 ~2/MeV and the core parity splitting parameter E(0−) =
2.1 MeV are adjusted to the experimental spectra. For the calculations of the magnetic
transitions, the gyromagnetic factors are gR = Z/A for the core and gpi(ν) = gl + (gs −
gl)/(2l+1) for the proton (neutron) [55, 56]. For the calculations of the electric transitions,
the empirical intrinsic dipole moment Q10 =
3
4pi
R0Zeβ10 and quadrupole moment Q0 =
3√
5pi
R20Zeβ2 are taken with R0 = 1.2A
1/3 fm [48].
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FIG. 1. The proton single-particle levels, obtained by diagonalizing the reflection-asymmetric
triaxial Nilsson Hamiltonian in Eq. (3), as functions of the deformation parameters (a) β2 (γ = 0
◦,
β3 = 0), (b) γ (β2 = 0.22, β3 = 0), and (c) β3 (β2 = 0.22, γ = 27.1
◦). The red and blue represent
the positive and negative parity. The solid lines represent the chosen proton single-particle space
in the RAT-PRM calculation. The green dash dot line represents the proton Fermi energy.
IV. RESULTS AND DISCUSSION
By diagonalizing the reflection-asymmetric triaxial Nilsson Hamiltonian in Eq. (3), one
can obtain the proton (neutron) single-particle levels. As an example, Fig. 1 shows the
proton single-particle levels as functions of the deformation parameters. The proton single-
particle space, represented by the solid lines in Fig. 1, includes seven above and six below
the Fermi level. The quasiparticle states are obtained from the single-particle states at
the deformation β2 = 0.22, γ = 27.1
◦ and β3 = 0.02 by the BCS approximation. From
these quasiparticle states, the intrinsic wavefunctions with good parity can be constructed
from Eqs. (5), (7) and (8). Then the intrinsic wavefunctions with good parity are used
to generate the symmetrized strong-coupled basis in Eq. (6). By diagonalizing the total
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FIG. 2. The energies E(I), the energy staggering parameters S(I) = [E(I) − E(I − 1)]/2I, and
the B(M1)/B(E2) ratios for the two pairs of positive-parity bands D3-D4 (left panels) and D5-D6
(middle panels) as well as for the negative-parity doublet bands D7-D8 (right panels) in 131Ba by
RAT-PRM (lines) in comparison with the experimental data (symbols) [16]. The bandhead energy
of band D3 at I = 23/2~ is taken as a reference.
RAT-PRM Hamiltonian on the strong-coupled basis, the energies and eigenfunctions at each
spin I are obtained.
In Fig. 2, the energies E(I), the energy staggering parameters S(I) = [E(I)−E(I−1)]/2I,
and the B(M1)/B(E2) ratios calculated by the RAT-PRM for the two pairs of positive-
parity doublet bands D3-D4 and D5-D6 as well as for the negative-parity doublet bands D7-
D8 are shown in comparison with the data available [16]. The bandhead of band D3 is taken
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FIG. 3. The calculated B(E1)/B(E2) ratios between the interband E1 transitions (band D7 →
D3) and the intraband E2 transitions (band D7) in comparison with the data available [16].
as reference. The experimental spectra, the energy staggering parameters S(I), and the
B(M1)/B(E2) ratios for bands D3-D8 are reproduced well by the RAT-PRM calculations.
For each pair of the doublet bands, the spectra are nearly degenerate and the correspoding
B(M1)/B(E2) ratios are similar, which are the characteristics for the chiral rotation [40].
Since the octupole degree of freedom is included in the present RAT-PRM calculations,
the electric dipole transition probabilities B(E1) between the positive- and negative-parity
bands can be calculated. In Fig. 3, the calculated B(E1)/B(E2) ratios between the in-
terband E1 transitions (band D7 → D3) and the intraband E2 transitions (band D7) are
shown in comparison with the data available [16]. The trend of B(E1)/B(E2) ratios are
in general determined by that of the B(E1) values. The experimental data are available at
spin I = 29/2~ and 31/2~ [16] and can be well reproduced. Here the value of β3 is chosen to
reproduce the experimental B(E1)/B(E2) data. Changing the β3 by 10%, the influences on
the energies, the staggering parameters, the B(M1)/B(E2) ratios, and the chiral geometry
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FIG. 4. The azimuthal plots, i.e., probability distribution profiles for the orientation of the angular
momentum on the (θ, φ) plane, calculated for bands D3 and D4 at I = 29/2~, 35/2~, and 41/2~.
The black star represents the position of a local maximum.
are negligible, while the B(E1) values are changed by about 20%.
In order to investigate the chiral geometry for the three chiral doublet candidates, the
azimuthal plots [35], i.e., the probability distribution profiles for the orientation of the an-
gular momentum on the (θ, φ) plane, are shown in Figs. 4 - 6. The polar angle θ is the angle
between the angular momentum and the intrinsic 3-axis, and the azimuthal angle φ is the
angle between the projection of the angular momentum on the intrinsic 1-2 plane and the
intrinsic 1-axis. For γ = 27.1◦, the 1, 2, and 3 axes are respectively the intermediate (i),
short (s), and long (l) axes.
The azimuthal plots for bands D3-D4 are shown in Fig. 4. At spin I = 29/2~, the
azimuthal plot for band D3 has a single peak at (65◦, 90◦), which suggests that the angular
momentum stays within the s-l plane, in accordance with the expectation for a 0-phonon
state. The azimuthal plot for band D4 shows a node at (65◦, 90◦), and two peaks at (70◦, 50◦)
and (70◦, 130◦). The existence of the node and the two peaks supports that the state in band
D4 can be interpreted as a 1-phonon chiral vibration across the s-l plane on the state in
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FIG. 5. Same as Fig. 4, but calculated for bands D5 and D6 at 29/2~, 31/2~, and 33/2~.
band D3.
At spin I = 35/2~, the azimuthal plots for bands D3 and D4 are similar, with two peaks
at (80◦, 30◦) and (80◦, 150◦) for band D3, and (70◦, 50◦) and (70◦, 130◦) for band D4. This
shows the feature of static chirality.
At spin I = 41/2~, the peaks of the azimuthal plot for band D3 are at (90◦, 0◦) and
(90◦, 180◦), namely along the i axis. The peaks of the azimuthal plot for band D4 locate
(85◦, 30◦) and (85◦, 150◦), which are similar to those at I = 35/2~ but approaching the
i-axis. The tendency from chiral rotation to principle axis rotation at high spins is shown.
In Fig. 5, the azimuthal plots for bands D5-D6 are shown. Similar as the evolution of the
chiral geometry for bands D3-D4 in Fig. 4, bands D5-D6 show the chiral vibration along the
φ direction at I = 29/2~, static chirality at I = 31/2~, and a tendency to a princpal axis
rotation around the i axis at I = 33/2~.
In Fig. 6, the azimuthal plots for negative-parity doublet bands D7-D8 are shown. At
I = 25/2~, the peak of the azimuthal plot for band D7 is at (70◦, 90◦), which is a planar
rotation within the s-l plane. The angular momentum is mainly contributed by the valence
protons and the neutron hole. For band D8, the peaks are at (60◦, 0◦) and (60◦, 180◦), which
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FIG. 6. Same as Fig. 4, but calculated for bands D7 and D8 at I = 25/2~, 31/2~, 35/2~ and
39/2~.
corresponds to an i-l planar rotation. The angular momentum is mainly contributed by the
core and the valence neutron hole. The contribution of the valence protons are negligible.
For I ≥ 33/2~, similar as the evolution of the chiral geometry for bands D3-D4 in Fig. 4,
bands D7-D8 show the chiral vibration along the φ direction at I = 31/2~, static chirality
at I = 35/2~, and a tendency to a princpal axis rotation about the i axis at I = 39/2~.
The positive-parity MχD candidates observed in nuclei 131Ba, bands D3-D4 and D5-
D6, are suggested to have the configuration pih11/2(g7/2, d5/2) ⊗ νh11/2 [16]. One possible
MχD mechanism is that the “yrast” and “excited” chiral doublets are built on the same
configuration, similar as 103Rh in Ref. [10]. Another possible mechanism is the appearance
of the pseudospin-chiral quartet bands due to the pseudospin partners (g7/2, d5/2).
To pin down the mechanism for the positive-parity MχD candidates in 131Ba, the main
occupation of the valence protons are investigated. In Fig. 7, the occupation of the single-
particle level |cτ |2 is shown with τ = 5, 6, 7, 8 at I = 31/2~ for bands D3-D6, which is
calculated from the corresponding strong-coupled basis including |τ〉 in its intrinsic wave-
function. The occupation patterns are similar for each chiral doublet bands. Examining
more carefully, the top components for bands D3-D4 are levels |5〉 and |7〉, while for bands
D5-D6 are levels |6〉 and |7〉.
As shown in Fig. 1, the levels |5〉 and |6〉 stem from 1g7/2, the level |7〉 stems from
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FIG. 7. The occupation of the single-particle level |cτ |2 contributed from the corresponding strong-
coupled basis which includes |τ〉 in its intrinsic wavefunction with τ = 5, 6, 7, 8 at I = 31/2~ for
bands D3-D6.
1h11/2, and the level |8〉 stems from 2d5/2. Figure 8 shows the main components NljΩ for
the levels |5〉, |6〉, |7〉, and |8〉 in the present calculation with β2 = 0.22, γ = 27.1◦, β3 =
0.02. The dominent components for the levels |5〉 and |7〉 are respectively 1g7/2 and 1h11/2.
For the levels |6〉 and |8〉, there is a strong mixture of 1g7/2 and 2d5/2. Therefore the
dominent component of the intrinsic wavefunctions is pih11/2g7/2 ⊗ νh11/2 for bands D3-D4,
in comparison with pih11/2(g7/2, d5/2)⊗ νh11/2 for bands D5-D6.
Thus the positive-parity MχD candidates involve the pseudospin partners (g7/2, d5/2) and
are suggested to be pseudospin-chiral quartet bands.
V. SUMMARY
A Reflection-Asymmetric Triaxial Particle Rotor Model (RAT-PRM) for three quasi-
particles coupled with a reflection-asymmetric triaxial rotor is developed, and applied to
investigate the observed multiple chiral doublets (MχD) candidates with octupole correla-
tions in 131Ba, i.e., two pairs of positive-parity bands D3-D4 and D5-D6, as well as one pair
of negative-parity bands D7-D8.
The calculated energy spectra, energy staggering parameters S(I) = [E(I)−E(I−1)]/2I,
B(M1)/B(E2) ratios and B(E1)/B(E2) ratios reproduce well the data available [16]. The
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FIG. 8. The main components NljΩ of the proton single-particle levels |τ〉 with τ = 5, 6, 7, 8.
chiral geometries for the three pairs of chiral doublet bands are clearly illustrated by the
azimuthal plots. They show the chiral vibration at low spins, static chirality at intermediate
spins, and a tendency to a princpal axis rotation around the i axis at high spins. For band
D8, an i-l planar rotation occurs before the chiral vibration. The possible pseudospin-chiral
quartet bands are suggested for the positive-parity MχD candidates D3-D6 based on their
intrinsic structure.
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